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ABSTRACT

In this paper we seek to find some bilateral generating functions for some orthogonal polynomials like
Hermite, Charlier, Modified Laguerre and Gegenbaur polynomials. These bilateral generating functions can be
obtained with the help of the unusual integral formula for Hermite polynomial seen in equation (1.1).
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1 INTRODUCTION

In a recent paper [1] the author established the following unusual integral for Hermite

polynomials in the form

H,(x) = v% J:iexp[—vzj [2(x +iV)]" av (1.1)

The aim of this paper is to find some unusual bilinear generating integrals by the help of the
above equation (1.1).

Now, we can find the following bilinear generating functions of Hermite polynomials by using
the unusual generating integral (1.1) as follows

Z 3 Hy ) Hy (y)
n=0

L mexp(—vz—Fth(y—i—iv)— t2(y +iv2)) dv (1.2)
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The above bilinear generating relation (1.2) is deduced by Chatterjea S. K [1].
2. Bilateral Generating Function With Charlier and Hermite Polynomials
Here we notice the following linear generating relation involving Charlier polynomials [2]
k

S Catsd - expit (1 t) (2.1)
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Now, we have
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(4] tn
D = i OHR(®)
n=0
1 .- = [2t(x + iv)]"
2
== xeXp(—V ) (Eﬂ - Cn{k;m) dv

exp(—v2) exp(2t(x +iv)) (1 —@) dv

1 pe
_Lf
k oo k
_ (2x8) (E) il J exp(—v? + 2ivt) X 5 (x+iv) | av
exp o) vl -

2.2)

Now in order to evaluate (2.2) we shall prove the following integral formula
1 % k

v_{_J’ exp(—v2 + 2ivD) (2(x+iv)) dv = exp(—t?) Hyx-0 2.3
T —C0

In fact we notice that

n

D Hpy) — = exp(2xt — t2) B,x - (2.4)

t
n=0 I

Now the left member of (2.4) can be written by virtue of (1.2) as follows

ntk

ﬁ;ﬂ% Lm exp (—VE) [2(x—|— iv)] dv
- yiﬁf:j exp (—vz) exp (2t(x+ iv)) [2 (x+ iv)]k dv

1 [+ ]
_ exp(th]—ﬁJ’ exp(—v? + 2ivt) [2(x + iv)]¥dv
VLS e

Comparing the above integral with the right member of (2.4) we obtain (2.3).
Now we are in apposition to evaluate (2.2).

To this end we can alternatively write (2.3) in the form

v,% fmerip(—vz +2ive) (2(x — ivjl)kdv = exp(—t?) Hx+ 0  (2.5)

Thus it follows from (2.2) and (2.5) that
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i

I;Cn(k;mHn{}Q% = (é) eX P (2xt—t2) H, (%) (2.6)

3 Bilateral Generating Function with modified Laguerre and Hermite Polynomials

Here we notice the following linear generating relation involving modified Laguerre polynomials

=

Z LX) # = expl—ad) (1 + 0¥ (3.1)
n=0

Similarly by multiplying the left hand side of the previous equation by Hy (%) and substitute
from (1.2) we get

> LK) Hneo
n=0

wLee e
-

. k
= — | exp(—v?) exp(—2at&X + 1)) (1 + 2t(x +iv)) dw

VT )

ex p(—2axt) f exp(—v? — 2ativ) (1 + 2t(x + iv))k dv

2t (x + iv)]ﬂ L}ﬁ‘“(aj) dv

1
= \.ﬁ
By replacing (© by (—0) in the previous equation and substitute from (2.3) we get

=

> K@) B, () (—D"

n=0

_ ex;;(thxﬂf eXp(—v2 + 2ativ) (1 — 2t(x + lv)) dv

';m
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k
1
exp(—v? + 2ativ) (E_ 2(x + iv]) dv

5 -

oo k
exp(Z-:xxt] (t]kf exp(—v? + 2ativ) (2 (%c_ X — iv)) dv

= exp(2axt) (D) Kexp (—-:xztz) Hy, (% ~-X+ at)

2at? — 2xt + 1)

= tRexp(2oxt — a?t?
xp(2axt — a“t?) Hk( ot
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Hence;

D L@ Hyeo (—0)P
1n=0

2t — 2xt + 1]
2t

It may be of interest to note that we can obtain equation (3.2) from equation (2.5) so we have
to prove that:

= tRex p2axt - a?t?) Hy ( (3.2)

Colk a) = (—a)™a! LK () (3.3)

From Laguerre polynomial Lh(a)

Do(—1) (1+x
SR ) CEL N

- r'(n —r)! (1 +x)r

Let X=K-n . then

ken. . D" (1+k—n)y
by a) = r!(n—r)!(l—kk—n)rﬂ

r=0

r

(—D' (A +k—n),
r=ﬂr! (n—r)(1+k—n), “

r

_ Z (_1]1" (_kjn—r (_ljn_r of

r'(n—r)!

_Z(—Un (—K)p—r o
_r:ﬂ rl (n —r)!

Multiplying both sides of the previous equation by I* (_ﬂj_n

(—e) ! L& () = Z( 1) ( k)n L ar (—a) 0w

rl(n—r)!

Sl (Kn—r
_y T
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Let M =11 —r hence

(),

— m! (n —m)! m]’
: i E)C0.
m=0

Since (_) ( 1) (k_ r) hence;

o n) - 3 () (3) gy

Z(_ ]m( )( )(a)rm

= Cn EkJ ﬂ]

Hence;

n

C, (ko) “F - (D" K (3.4)

Finally by substitute from equation (3.4) in equation (2.5) we get

S _ n!
Z—' 0" LE? () o Hn )
n=0

k Z_
= (%) gxp(th—tz] Hk(Zt 22tH+ G)
Hence;
Y (=) L) 1)
n=0{
t.f 2t2 -2
= () exp(2xt— 1) By [ (35)

We notice that we can obtain the same result (3.5) from (3.2) by replacing (t) by (tff o).

4 Bilateral Generating Function With Gegenbaur and Hermite polynomials
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Here we notice the following linear generating relation involving Gegenbaur polynomials
D Ceoth = (1 -2z +tHY (4.1)
n=0

Now by multiplying the left hand side of (3.1) by Hn (X) and substituting by (1.2) we get (3.2)

=

> Cyeo t Hy ()

n=0

1 [~ N
= — exp(—v?) [2t(x + iv)]" CL(%) | av
F L2,

_ 1 f ex p(—v?) [1 — 4xt(x +1iv) + (Zt(x + iv])z]_v dv
VT == (42)

In particular case, if we take X = 1 in the above equation (4.1), then we have

=

ﬂC;-{{l} M = (1 - 2t+t2)

n-
-(1- 9
5@,
= n!
Hence;
CY¥a = (2;?“

Secondly substitute in (4.2) we get

Hyp (0t

5 (2v),

n!

n=0

-V

= % J‘j exP (—Vz) 1-— 4t(x + iv) + (Zt(x + ii.i'))2 dv

Finally we get;
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Z (ZV) eb:t—tz
n
n=0

:% Jmex p(-v?) [1 —4t(x+iv) + (Zt(x + iv))zrlr av  (4.3)
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